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THE GROTHENDIECK–SERRE CONJECTURE OVER SEMILOCAL DEDEKIND
RINGS
NING GUO
Abstract. For a reductive group scheme G over a semilocal Dedekind ring R with the total ring
of fractions K, we prove that no nontrivial G-torsor trivializes over K. This generalizes a result of
Nisnevich–Tits, who settled the case when R is local. Their result, in turn, is a special case of a
conjecture of Grothendieck–Serre that predicts the same over any regular local ring. With a patching
technique and weak approximation in the style of Harder, we reduce to the case when R is a complete
discrete valuation ring. Afterwards, we consider Levi subgroups to reduce to the case when G is
semisimple and anisotropic, in which case we take advantage of Bruhat–Tits theory to conclude. Finally,
we show that a variant of the Grothendieck–Serre conjecture implies that any reductive group over the
total ring of fractions of a regular semilocal ring X has at most one reductive X-model.
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1. Introduction
The Grothendieck–Serre conjecture was proposed by J.-P. Serre ([Ser58, p. 31, Rem.]) and A. Grothendieck
([Gro58, pp. 26-27, Rem. 3]) in 1958, who predicted that for any algebraic group G over an algebraically
closed field, a G-torsor over a nonsingular variety is Zariski locally trivial if it is generically trivial. Subse-
quently, Grothendieck extended the conjecture to any semisimple group scheme over any regular scheme
([Gro68, Rem. 1.11.a]). By spreading out, the conjecture reduces to its local case whose precise statement
is the following.
Conjecture 1.1 (Grothendieck–Serre). For a reductive group G over a regular local ring R with the
fraction field K, a G-torsor that becomes trivial over K is trivial. In other words, the following map
between nonabelian cohomology pointed sets has trivial kernel:
(1.1.1) H1pR,Gq Ñ H1pK,Gq.
In this paper, we prove a variant of Conjecture 1.1 when R is a semilocal Dedekind ring, that is, our
main result is the following theorem.
Theorem 1.2. For a reductive group scheme G over a semilocal Dedekind ring R with the total ring of
fractions K, the following pullback map is injective:
H1pR,Gq Ñ H1pK,Gq.
Beyond the trivial case of 0-dimensional R, Conjecture 1.1 has several known cases and reductions.
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(i) The case when R is a discrete valuation ring with a perfect residue field was addressed in Nis-
nevich’s PhD thesis [Nis82, 2, Thm. 7.1] and his Comptes Rendus paper [Nis84, Thm. 4.2]. There,
he reduced to the complete case that had been considered in unpublished work of Tits that rested
on Bruhat–Tits theory. Various other special cases are based on the discrete valuation ring case,
for instance, the case when R is of arbitrary dimension and complete (more generally, Henselian)
regular local ([CTS79, 6.6.1]).
(ii) The case when dimR “ 2 with infinite residue field and G is quasi-split was considered by
Nisnevich in [Nis89, Thm. 6.3].
(iii) The case when G is torus was settled by Colliot-Thélène and Sansuc [CTS87, Thm. 4.1]. This
result is often useful for various reductions of more general cases.
(iv) The case when R is a semilocal Dedekind domain and G is a form of PGLn, PSpn and POn
(POn is not connected) as a variant of the Grothendieck–Serre conjecture was proved by Beke
and Van Geel in [BVG14, Thm. 3.7].
(v) The case when R is a semilocal Dedekind domain containing a field was recently proved by Fedorov
and Panin in [FP15,Pan17], and [Fed18].
(vi) The case when R is a semilocal Dedekind domain and G is a form of GLn, On and Spn was
recently settled by Bayer-Fluckiger and First [BFF17, Thm. 5.3], where they also prove a variant
of Grothendieck–Serre conjecture for non-reductive groups with generic fibers of the form GLn,
On and Spn. They also investigated the corresponding problem for PGLn, POn and PSpn
in [BFFH18], where counterexamples for non-reductive G emerge, even when R is a complete
discrete valuation ring.
(vii) The case when R is a semilocal Dedekind domain and G is a semisimple simply connected R-
group scheme such that every semisimple normal R-subgroup scheme of G is isotropic was recently
proved by Panin and Stavrova [PS16, Thm. 3.4]. By induction on the number of maximal ideals
of R and a decomposition of groups, they reduce to the case when R is a Henselian discrete
valuation ring and use Nisnevich’s result [Nis84, Thm. 4.2] to conclude.
(viii) A stronger conjecture predicts that the map 1.1.1 is injective, but it is equivalent to Conjecture 1.1
due to a twisting technique (Corollary 4.3), which is standard.
The main result Theorem 1.2 covers (i) and the corresponding cases of (iv)—(vii) and finishes the
remaining case of the semilocal Dedekind variant of Conjecture 1.1. To be precise, this article is aimed
at working out Nisnevich’s proof [Nis82], extending it to cover 1-dimensional regular semilocal R, and
in particular, generalizing the result of Panin–Stavrova [PS16, Thm. 3.4] by eliminating the semisimple
simply connected condition on the reductive group scheme G.
We now summarize Nisnevich’s work in the discrete valuation ring case. By Harder’s results on weak
approximation ([Har68]), the group Gp pKq decomposes as a product of Gp pRq and GpKq. This permits
one to reduce to the case when R is complete. Following the argument of Tits in this case, one uses
Bruhat–Tits theory and Galois cohomology to conclude.
Unfortunately, the details of this argument given in [Nis82] have some unclear points. Further, Nisnevich’s
proof is written under an auxiliary hypothesis that the residue field of R be perfect ([Nis82, Ch. 2,
Thm. 7.1]). Moreover, in [Nis82, Ch. 2, 6.6], the reasoning for anisotropicity does not work (see Re-
mark 3.5); in [Nis82, Ch. 2, Thm. 4.2], there is a decomposition of groups, which fails in general and
forces us to consider alternative reductions (see Remark 5.4). Besides, some recent articles such as
[PS16, Thm. 3.4] also use Nisnevich’s result [Nis84, Thm. 4.2] directly without reproving.
In this article, we first review weak approximation in Section 2, with G a reductive group instead of
merely semisimple as in Harder’s original setting in [Har68]. The goal of Section 2 is to construct an
open normal subgroup of the closure of GpKq in
ś
v GpKvq (Proposition 2.2), where v ranges over the
nongeneric points of SpecR and Kv is the completion of R at v. In Section 3, with the aid of Harder’s
construction, we exhibit the decomposition of groups (Theorem 3.1)ź
v
GpKvq “ GpKq
ź
v
GpRvq
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by mildly simplifying the argument in [Nis82, Ch. 2, §6]. This permits us to reduce Theorem 1.2 to the
case of complete discrete valuation rings by a patching technique (Proposition 4.5).
To improve and extend Nisnevich’s proof, after reducing to the complete case, we take a different approach.
The passage from G to its minimal parabolic subgroup P and the isomorphism H1pR,P q » H1pR,Lq
for a Levi subgroup L of P facilitate reduction to the case when G is semisimple and anisotropic (Propo-
sition 4.7). This reduction and subsequent steps rely on properties of anisotropic groups described in
Lemma 3.4, where we use the formalism of Bruhat–Tits theory from [BTI,BTII].
Proposition 1.3 (Proposition 3.6). For a reductive group G over a Henselian discrete valuation ring
R,
(a) for a maximal unramified extension rR of R with the fraction field rK, the group Gp rRq is a maximal
parahoric subgroup of Gp rKq;
(b) if G is K-anisotropic, then GpKq “ GpRq.
In the final step, we establish the case when G is semisimple anisotropic and R is a complete discrete
valuation ring (Theorem 5.1) by following Nisnevich and Tits’ argument.
Finally, for a reductive group G over the function field K of an integral scheme X , we consider the
number of reductive X-models of G. In fact, if a variant of Conjecture 1.1 holds for regular semilocal X ,
then we prove that such models should be unique:
Proposition 1.4 (Proposition 6.1). For a regular semilocal ring X with the ring of total fractions K, if
p˚q for each reductive group scheme G1 over X, the map H1pX,G1q Ñ H1pK,G1q is injective,
then any reductive K-group G has at most one reductive X-model. In particular, if X is a regular
semilocal ring containing a field, then the assertion holds without p˚q.
As a special case of Proposition 1.4, one may take X to be the spectrum of a discrete valuation ring.
To prove Proposition 6.1, for a reductive model G , we consider the exact sequence 1 Ñ adpG q Ñ
AutpG q Ñ OutpG q Ñ 1 and its associated cohomology sets. If p˚q holds, then we show that the map
H1pX,AutpG qq Ñ H1pK,AutpG qq has trivial kernel. Because each reductive model G corresponds to an
element αG in H1pX,AutpG qq, any other reductive model G 1 has a form αG 1 that must become trivial
over K, so is trivial over X . This implies that G 1 » G .
1.5. Notation and conventions. In the sequel, we let R be a semilocal Dedekind ring and let K be its
total ring of fractions. The completion of R at its radical ideal is a direct product of fields and complete
discrete valuation rings Rv with fraction fields Kv. In the case when R is local, we also denote the
maximal unramified extension of R by rR, whose fraction field is rK.
We also assume that G is a reductive group scheme over R (or over K in Section 2), that is, G is a
smooth, affine R-group scheme with connected reductive algebraic groups as geometric fibers. For an
R-algebra R1, the reductive group G is called R1-anisotropic, if GR1 contains no Gm,R1 .
Acknowledgement. I thank my advisor Kęstutis Česnavičius. His guidance and advice were helpful.
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2. Construction of open normal subgroups
For a reductive group H over a field F equipped with a finite set tvuv of nonequivalent nontrivial
valuations of rank one, this section is devoted to working out Harder’s construction from [Har68] of an
open normal subgroup N contained in the closure of HpF q in
ś
vHpFvq. Here, Fv is the completion of F
at v; the groupsHpFvq are endowed with their v-adic topologies, and
ś
vHpFvq has the product topology.
We will need the group N in Section 3 when exhibiting the decomposition in Theorem 3.1, which leads to
the reduction of Theorem 1.2 to the case of complete discrete valuation rings (Proposition 4.5). To begin
with, we recall Grothendieck’s Theorem ([SGA 3II, XIV, Thm. 1.1]) that any smooth group of finite type
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over a field contains a maximal torus. Let Lw be a minimal splitting field of a maximal Fv-torus T of
HFv , where w is a valuation extending v. It turns out that the image U of the norm map
NLw{Fv : T pLwq Ñ T pFvq
is an open subgroup of T pFvq and contained in HpF qXHpFvq (see Lemma 2.1), where the closure HpF q
is formed in
ś
vPtvuHpFvq. We use U to construct an open normal subgroup of HpFvq contained in
HpF q XHpFvq. This gives rise to the desired open normal subgroup N constructed in Proposition 2.2.
Lemma 2.1. For a maximal torus T of HFv , the image U of the norm map
NLw{Fv : T pLwq Ñ T pFvq
is an open subgroup of T pFvq contained in HpF q XHpFvq.
Proof. We recall from [SGA 3II, XIV, Thm. 6.1] that the functor
TorpHq : Schop{S Ñ Set, S
1 ÞÑ tmaximal tori of HS1u
is representable by an F -scheme that is a rational variety (that is, by [SP, 0BXP], it has an open
dense subscheme isomorphic to an open subscheme of AnF ). In particular, by the same argument as in
[PR94, Prop. 7.3], TorpHq satisfies weak approximation: TorpHqpF q is dense in
ś
v TorpHqpFvq under
the diagonal embedding.
By [SGA 3III new, XXII, Cor. 5.8.3], the morphism
HFv Ñ TorpHFv q, g ÞÑ gTg
´1
induces an isomorphismHFv{NormHFv pT q » TorpHFv q. By [SGA 3II, XI, 2.4bis], NormHFv pT q is smooth.
Therefore, by [Čes15, Prop. 4.3], the map
φ : HpFvq Ñ TorpHqpFvq, g ÞÑ gTg
´1
is open. Thus, by weak approximation for TorpHq, the image of any neighborhood V of the neural
element of HpFvq under φ contains a maximal torus T 1 of H . Let L{F be a minimal splitting field of T 1,
then we have the decomposition:
LbF Fv »
rź
i“1
Li.
The isomorphism T 1Fv » T implies that Li » Lw for each i. The norm map NLw{Fv : T
1pLwq Ñ T
1pFvq
is the map on the Fv-points induced by the Weil restriction N : ResLw{Fv T
1
Lw
Ñ T 1Fv , whose kernel is a
torus. By [Čes15, Prop. 4.3], the map NLw{Fv is open and the image U
1 of T 1pLwq is open in T 1pFvq.
Now we prove that U 1 Ă HpF q XHpFvq. For a P T 1pLwq and b :“ NLw{Fv paq, by weak approximation of
the split torus T 1L, it suffices to choose an x P T
1pLq approximating a at w and approximating 1 at the
other places of L above v. We conclude that b is approximated by NL{F pxq P HpF q, and hence lies in
HpF q XHpFvq Ă
ś
vPtvuHpFvq.
The image U of the norm map NLw{Fv : T pLwq Ñ T pFvq satisfies U
1 “ g0Ug
´1
0 for a g0 P V Ă HpFvq
such that T 1 “ g0Tg´10 , so each u P U is g
´1
0 u0g0, where u0 P U
1 is approximated by elements in
HpF q XHpFvq. When shrinking V , we find that the associated g0 is approximating the neutral element
of HpFvq such that u is approximated by u0 “ g0ug´10 . Therefore, there are elements in HpF q XHpFvq
approximating u and U Ă HpF q XHpFvq. 
Proposition 2.2. There is a normal open subgroup N of
ś
vHpFvq contained in the closure of HpF q.
Proof. It suffices to construct a normal open subgroup of HpFvq contained in HpF q XHpFvq for each v.
For a fixed maximal torus T of HFv , by Lemma 2.1, there is an open subgroup U Ă T pFvq contained in
HpF q XHpFvq. Consider the following morphism
f : HFv ˆ T Ñ HFv pg, tq ÞÑ gtg
´1.
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By the construction in the proof of [SGA 3II, XIII, Thm. 3.1], there is a principal open subschemeW Ă G
such that every t0 PW pFvq is a regular element, that is, by [SGA 3II, XIII, 3.0, Thm. 2.1, Cor. 2.2], the
image t0 P GFv pFvq of t0 satisfies the following property:
ft0 : HFv ˆ TFv Ñ HFv pg, tq ÞÑ gtg
´1 is smooth at pid, t0q.
This implies that the following map
f 1 : HFv ˆ T Ñ HFv pg, tq ÞÑ gt0tg
´1
is smooth at pid, idq. By [Čes15, 2.8], images of open subsets of HpFvq ˆ T pFvq under f 1pFvq are still
open respect to the v-adic topology. As id P U XW pFvq, we can choose a t0 P U XW pFvq ‰ H such that
W 1 :“ f 1 pHpFvq ˆ Uq is an open neighborhood of t0. When t P U , we have t0t P U . By Lemma 2.1, the
conjugation gt0tg´1 is in rU for another maximal torus rT of HFv , and hence gt0tg´1 P HpF q X HpFvq.
Consequently, W 1 is the desired normal open subgroup of HpFvq contained in HpF q XHpFvq. 
3. Decomposition of groups
The goal of this section is to prove the following decomposition of groups, which leads to the reduction
of Theorem 1.2 to the case of complete discrete valuation rings (see Proposition 4.5):
Theorem 3.1. With R and G as before (see §1.5), we haveź
v
GpKvq “ GpKq
ź
v
GpRvq.
The proof proceeds in Propositions 3.2, 3.3, 3.7 and 3.8, by mildly simplifying and improving Nisnevich’s
argument. A minimal parabolic subgroup of GRv is denoted by Pv, whose unipotent radical and Levi
subgroup are denoted by Uv and Lv respectively. By [SGA 3III new, XXVI, Cor. 6.11, Rem. 6.18], the
maximal central split torus Tv of Lv is a maximal split torus of GRv .
Proposition 3.2. We have ź
v
TvpKvq Ă GpKq
ź
v
GpRvq.
Proof. For a fixed v, the morphism
f : GpKvq Ñ TorpGqpKvq g ÞÑ gTvg
´1.
sends a neighbourhood U of the neutral element of GpKvq to an open subset V Ă TorpGqpKvq containing
Tv. Therefore, V XTorpGqpRvq is an open subset of TorpGqpKvq containing Tv. Since TorpGq is an affine
R-scheme ([SGA 3II, XII, Cor. 5.4]), we have a Cartesian square with inclusion arrows
TorpGqpRq Ñ TorpGqpRvq
Ó Ó
TorpGqpKq Ñ TorpGqpKvq
and TorpGqpRq “ TorpGqpKq X TorpGqpRvq.
As in the proof of Lemma 2.1, TorpGqpKq is dense in TorpGqpKvq, the intersection V X TorpGqpRvq X
TorpGqpKq “ V XTorpGqpRq ‰ H contains a maximal R-torus T0 of G. By Proposition 2.2, there is an
open normal subgroup N of
ś
v GpKvq contained in GpKq. Assuming that U Ă N X
ś
v GpRvq, we have
TvpKvq “ gT0pKvqg
´1 “ gT0pKqT0pRvqg
´1 Ă gGpKqGpRvqg
´1 Ă GpKqGpRvq,
where the second equality is by [CTS87, Thm. 4.1]. By [Con12, Prop. 2.1] and that G is affine,
ś
v GpRvq
is both closed and open in
ś
v GpKvq. The product GpKq
ś
v GpRvq contains GpKq. Therefore,
GpKq
ź
v
GpRvq Ă GpKq
ź
v
GpRvq and
ź
v
TvpKvq Ă GpKq
ź
v
GpRvq. 
Proposition 3.3. We have ź
v
UvpKvq Ă GpKq.
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Proof. For a fixed v, by [SGA 3III new, XXVI, Thm. 7.4], the torus Tv acts on GapKvq
„
ÝÑ Uv,αpKvq:
TvpKvq ˆ Uv,αpKvq ÝÑ Uv,αpKvq ppx1, ¨ ¨ ¨ , xrq, yq ÞÝÑ x
α1
1 ¨ ¨ ¨x
αr
r y,
where Uv,α is the root subgroup of Uv associated to a positive root α. The inclusion of sets
N X Uv,αpKvq Ă Uv,αpKvq
with the stable action of TvpKvq permits us to extend the nonempty open subset NXUv,α by multiplying
large enough integer powers of the uniformizer. This forces Uv,αpKvq “ N X Uv,αpKvq and leads to
Uv,αpKvq Ă N Ă GpKq and
ź
v
UvpKvq “
ź
v
ź
α
Uv,αpKvq Ă GpKq. 
Before the next step of decomposing the group, we gather some recollections on anisotropic groups.
Lemma 3.4. For a reductive group G over a discrete valuation ring R with the fraction field K,
G is R-anisotropic if and only if G is K-anisotropic.
Proof. For an R-algebra R1, by [SGA 3III new, XXVI, Cor. 6.14], the group G is R1-anisotropic if and
only if GR1 has no proper parabolic subgroups and radpGR1q has no split subtorus. The proof proceeds
in the following two steps.
(a) For the existence of parabolic subgroups, by [SGA 3III new, XXVI, Cor. 3.5], the functor
ParpGq : Sch{R ÝÑ Set, R
1 ÞÝÑ tparabolic subgroups of GR1u
is representable by a projective scheme over R and satisfies the valuative criterion of properness:
ParpGqpKq “ ParpGqpRq.
(b) If radpGKq “ radpGqK is K-anisotropic, then radpGq is R-anisotropic. For the other direction,
we recall for a connected scheme S, the anti-equivalence in [SGA 3II, X, Cor. 1.2]:"
The category of
tori over S
*
ÐÑ
"
The category of Z-lattices of finite type
with continuous action of the fundamental group of S
*
.
Both radpGq and radpGKq correspond to a Z-lattice M acted by GalpRsh{Rq and GalpKsep{Kq
respectively. A nontrivial split torus in radpGKq corresponds to a quotient lattice N of M with
trivial GalpKsep{Kq-action. By the surjectivity of GalpKsep{Kq Ñ GalpRsh{Rq, the action of
GalpRsh{Rq onN is also trivial and the latter corresponds to a nontrivial split torus in radpGq. 
Remark 3.5. In [Nis82, Ch. 2, 6.6], Nisnevich indicated that given a reductive R-group H and an
arbitrary R-algebra R1, the base change HR1 is R1-anisotropic if and only if ParpHqpR1q is an empty set.
This is false in general. For a counterexample, we let Up1q be the unitary group defined over R:
Up1q “
#ˆ
a ´b
b a
˙ ˇˇˇˇ
ˇ a2 ` b2 “ 1
+
.
It is not isomorphic to Gm,R, while its base change to C is Gm,C. However,
ParpUp1qqpRq “ ParpUp1qCqpCq “ H.
Proposition 3.6. For a reductive group G over a Henselian discrete valuation ring R,
(a) Gp rRq is a maximal parahoric subgroup of Gp rKq;
(b) if G is K-anisotropic, then GpKq “ GpRq.
Proof.
(a) Because G rR is a Chevalley group scheme and the residue field of rR is separably closed, by
[BTII, 4.6.22, 4.6.31], the group Gp rRq is the stabilizer of a special point in the Bruhat–Tits
building of Gp rKq. Since a special point is a minimal facet (see [BTII, 4.6.15]), by connectedness
of each fiber of G rR{ rR and the definition of parahoric subgroups (see [BTII, 5.2.6]), Gp rRq is a
maximal parahoric subgroup of Gp rKq.
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(b) First, we prove that GpKq Ă Gp rRq. For the Bruhat–Tits building ĂI of Gp rKq, by [BTII, 5.1.27],
the Galois groupΣ :“ Galp rK{Kq acts on the enlarged Bruhat–Tits building ĂI ext :“ ĂIˆX˚ĂKpGq_R
of Gp rKq and has a unique fixed point x located at ĂI ˆt0u. For x, by [BTII, 5.2.6], its connected
pointwise stabilizer (see [BTII, 4.6.28]) is a Σ-invariant parahoric subgroup P . This parahoric
subgroup P , by the K-anisotropicity of G and [BTII, 5.2.7], is the unique Σ-invaraint parahoric
subgroup and thus, due to (a), coincides with Gp rRq. By connectedness of each fiber of G rR{ rR,
the parahoric subgroup Gp rRq is also the stabilizer of x. By [BTI, 9.2.1 (DI 1)], the fixed point x
is also stabilized by GpKq. Therefore, GpKq Ă Gp rRq.
Lastly, by affineness of G and R “ rR XK, we obtain the following cartesian square
GpRq Ñ Gp rRq
Ó Ó
GpKq Ñ Gp rKq
and combine with GpKq Ă Gp rRq to conclude that GpKq “ GpRq. 
Proposition 3.7. We have ź
v
PvpKvq Ă GpKq
ź
v
GpRvq.
Proof. The quotient Hv :“ Lv{Tv is Rv-anisotropic and by Lemma 3.4 is Kv-anisotropic. By Proposi-
tion 3.6, we have HvpKvq “ HvpRvq, which fits into the commutative diagram with exact rows:
0 TvpRvq LvpRvq HvpRvq H1pRv, Tvq “ 0
0 TvpKvq LvpKvq HvpKvq H1pKv, Tvq “ 0
λv
.
The image of a P LvpKvq in HvpKvq has a preimage b P LvpRvq. Hence a ¨ λvpbq´1 P TvpKvq and
LvpKvq “ TvpKvqLvpRvq.
By Proposition 3.2 and Proposition 3.3, we obtained the conclusion. 
Proposition 3.8.
GpKq
ź
v
PvpKvq “
ź
v
GpKvq.
Proof. For each Pv, there is a unique parabolic subgroup Qv of GRv such that the canonical morphism
radupPvqpKvq ¨ rad
upQvqpKvq Ñ GpKvq{PvpKvq
is surjective ([SGA 3III new, XXVI, Thm. 4.3.2, Cor. 5.2]). We conclude by combining this surjectivity
with Proposition 3.3 and deducing ź
v
GpKvq Ă GpKq
ź
v
PvpKvq. 
The proof of Theorem 3.1 : By Proposition 3.7 and Proposition 3.8, we haveź
v
GpKvq Ă GpKq
ź
v
GpRvq “ GpKq
ź
v
GpRvq. 
7
4. Reductions: twisting, passage to completion, and to anisotropic groups
This section exhibits a sequence of methods to reduce Theorem 1.2. First, using twisting technique of
torsors, one can prove Theorem 1.2 by directly showing that the map
H1pR,Gq Ñ H1pK,Gq
has trivial kernel. Secondly, we improve and extend Nisnevich’s argument by a patching technique for
semilocal case and reduce to the case when R is a complete (a fortiori, Henselian) discrete valuation ring
(Proposition 4.5). One motivation for reducing to the complete case is that in Bruhat–Tits theory [BTII,
§5], to define parahoric subgroups for more general cases than the quasi-split case, we need additional
conditions (see [BTII, 5.1.6]), which are automatically satisfied in our case when R is Henselian. Lastly,
with crucial results and properties derived from Bruhat–Tits theory (for instance, Proposition 3.6), we
reduce further to the case when G is semisimple and anisotropic (Proposition 4.7). This case has enough
advantages such as the uniqueness of Galois-invariant parahoric subgroups of Gp rKq (see [BTII, 5.2.7]),
for us to prove Theorem 1.2 in §5.
Proposition 4.1 ([Čes15, Prop. 3.4], [Gir71, III, 2.6.1 (i)]). For a reductive group G over a scheme S,
we let T be a right G-tosor and let TG :“ AutGpT q. Then twisting by T induces a isomorphism
H1pS,Gq
„
ÝÑ H1pS, TGq, X ÞÝÑ HomGpT,Xq
such that the image of the class of T is the neutral class.
Corollary 4.2. If the map f : H1pS,Gq Ñ H1pS1, Gq has trivial kernel for all TG, then it is injective.
Proof. Let X and T be two torsors in H1pS,Gq. Then we have the following commutative diagram
H1pS,Gq H1pS1, Gq
H1pS, TGq H
1pS1, TS1Gq
rXs rXS1s
rHomGpT,Xqs rHomGS1 pTS1 , XS1qs ,
since HomGS1 pTS1 , XS1q “ pHomGpT,XqqS1 . If rT s and rT
1s are two classes in H1pS,Gq whose images
are in the same class, then the image of T 1 in H1pS, TGq is trivial and
rT 1s „ rT s. 
Corollary 4.3. Conjecture 1.1 is equivalent to that for all reductive group G over R,
H1pR,Gq Ñ H1pK,Gq is injective.
In particular, in Theorem 1.2, it suffices to prove that the map H1pR,Gq Ñ H1pK,Gq has trivial kernel.
Remark 4.4. To prove the injectivity of a map of Galois cohomologies, which a special case of étale
cohomology of group schemes, by Corollary 4.2, it suffices to show that the kernel is trivial.
The following shows that we can reduce Theorem 1.2 to the complete case.
Proposition 4.5. It suffices to prove Theorem 1.2 when R is a complete discrete valuation ring.
Proof. For a G-torsor X becoming trivial over K, it becomes trivial over
š
v SpecKv and by assumption,
trivial over
š
v SpecRv. Because
š
v SpecRv Ñ SpecR is flat and induces isomorphisms on closed points,
by patching technique in [MB12, Thm. 0.3], [FR70, Appendice], any sheaf of quasi-coherent modules over
SpecR is obtained by identifying sheaves of quasi-coherent modules over
š
v SpecRv and SpecK via
an isomorphism between their restrictions over
š
v SpecKv. By arguing commutative diagrams as in
[Čes14, Prop. 2.10], the torsor X is given by
gluing trivial torsors XK and Xš
v SpecRv
along Xš
v SpecKv
,
with the identifying isomorphism given by multiplying
š
v GpKvq on
š
v GpRvq and GpKq. By Theo-
rem 3.1, the resulting X must be trivial. 
Now we reduce Theorem 1.2 to the case when G is anisotropic and semisimple.
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Proposition 4.6. If R is a valuation ring and for every reductive group H with no nontrivial parabolic
subgroup, the map H1pR,Hq Ñ H1pK,Hq is injective, then so is H1pR,Gq Ñ H1pK,Gq.
Proof. If there is a proper minimal parabolic subgroup P of G and L is its Levi subgroup, then we
consider the following commutative diagram
H1pR,Lq H1pR,P q H1pR,Gq
H1pK,Lq H1pK,P q H1pK,Gq
and show that the kernel of the third column comes from the kernel of the first column as the following.
The rows in the left square are isomorphisms ([SGA 3III new, XXVI, Cor. 2.3]): for a semilocal scheme S,
the first term of the exact sequence H1pS, radupP qq Ñ H1pS, P q Ñ H1pS,Lq is trivial by the filtration
of radupP q with successive quotients Ga and H1pS,Gaq » H1pS,OSq “ 0. The semidirect product
structure P “ radupP q ¨ L gives the surjectivity of H1pS, P q Ñ H1pS,Lq.
For the second square, we use the argument in [Nis82, Prop. 5.1]. Let E be a G-torsor that becomes
trivial over K. The quotient sheaf E{P is fpqc locally isomorphic to G{P and represented by a proper
algebraic space over R (see [SP, 06PH], [EGA IV2, 2.7.1(vii)]). By the valuative criterion of properness
for algebraic spaces ([SP, 0A40]),
pE{P qpKq “ pE{P qpRq.
For a K point x of E, its image x in E{P is also an R-point of E{P . Subsequently, the fiber of E over x
F :“ E ˆE{P SpecpRq
is a P -torsor over R such that F pKq ‰ H and its image under the map H1pR,P q Ñ H1pR,Gq is
in the class of E. Therefore, the kernel of H1pR,Gq Ñ H1pK,Gq is in the image of the kernel of
H1pR,P q Ñ H1pK,P q.
By [SGA 3III new, XXVI, Prop. 1.20], parabolic subgroups of L are intersections of L with parabolic
subgroups contained in P . Therefore, L contains no proper parabolic subgroup. 
Proposition 4.7. It suffices to prove Theorem 1.2 in the case when R is a complete discrete valuation
ring and G is semisimple and R-anisotropic.
Proof. By Proposition 4.5 and Proposition 4.6, it suffices to prove Theorem 1.2 in the case when G is
a reductive group over a complete discrete valuation ring R and has no nontrivial parabolic subgroup.
The quotient G{ radpGq has no parabolic subgroups and is semisimple, hence by [SGA 3III new, XXVI,
Cor. 6.14] isR-anisotropic and by Lemma 3.4 isK-anisotropic. We assume that lpG{ radpGqq : H1pR,G{ radpGqq Ñ
H1pK,G{ radpGqq is injective. Since R is complete, by Proposition 3.6, we have
pG{ radpGqqpRq “ pG{ radpGqqpKq
fitting into the following commutative diagram
pG{ radpGqqpRq H1pR, radpGqq H1pR,Gq H1pR,G{ radpGqq
pG{ radpGqqpKq H1pK, radpGqq H1pK,Gq H1pK,G{ radpGqq
lpradpGqq lpGq lpG{ radpGqq
with exact rows and the map lpradpGqq is injective by [CTS87, Thm. 4.1]. By diagram chasing, the map
lpGq has trivial kernel. By Corollary 4.3, we complete the proof. 
9
5. The semisimple and anisotropic case
By Proposition 4.7, it suffices to prove Theorem 1.2 for the case when G is semisimple, anisotropic, and
the discrete valuation ring R is complete. The following proof improves [Nis82, 2, Thm. 4.2], which proved
the Grothendieck–Serre conjecture over complete (more generally, Henselian) discrete valuation rings, by
adding supplementary details for normalizers of parahoric subgroups (see Remark 5.2), and corrections for
decomposition of groups (see Remark 5.4). Due to Proposition 4.7, the following Theorem 5.1 completes
the proof of Theorem 1.2.
Theorem 5.1. For a semisimple and anisotropic group scheme G over a complete discrete valuation
ring R with the fraction field K, the following map has trivial kernel:
H1pR,Gq Ñ H1pK,Gq.
Proof. We fix some notations:
‚ let Ksep be a separable closure of K that contains rK;
‚ Γ :“ Galp rR{Rq » Galp rK{Kq; ΓĂK :“ GalpKsep{ rKq; ΓK :“ GalpKsep{Kq.
By [SGA 4II, VIII, Prop. 2.1], there are bijections
H1pR,Gq » H1pΓ, Gp rRqq, H1pK,Gq » H1pΓK , GpKsepqq.
It suffices to prove that both α and β in the decomposition
H1pΓ, Gp rRqq αÑ H1pΓ, Gp rKqq βÑ H1pΓK , GpKsepqq
are injective. We argue this in the following two steps.
(i) The injectivity of
α : H1pΓ, Gp rRqq Ñ H1pΓ, Gp rKqq.
For a cocycle z in H1pΓ, Gp rRqq that becomes trivial in H1pΓ, Gp rKqq, there is h in Gp rKq such
that
zpsq “ h´1sphq in Gp rRq, for each s P Γ.
To prove that h P Gp rRq, we consider the subgroups Gp rRq and hGp rRqh´1. We have seen that
Gp rRq is a parahoric subgroup of Gp rKq in Proposition 3.6. The conjugation by g P Gp rKq of a
parahoric subgroup PF associated to the facet F satisfies the definition of the parahoric subgroup
associated to the facet g ¨ F (see [BTII, 5.2.6]). In particular, hGp rRqh´1 is also a parahoric
subgroup. Now we show that hGp rRqh´1 is invariant under Γ: for s P Γ,
sphGp rRqh´1q “ sphqGp rRqsph´1q “ hzpsqGp rRqzpsq´1h´1 “ hGp rRqh´1,
since Gp rRq is Γ-invariant and zpsq P Gp rRq. Because G is anisotropic over K, the uniqueness of a
Γ-invariant parahoric subgroup ([BTII, 5.2.7]) implies that
hGp rRqh´1 “ Gp rRq.
By [BTII, 4.6.22, 4.6.31], because the residue field of rR is separably closed and G is a Chevalley
group scheme over rR, the group Gp rRq is the group of integer points of a connected pointwise
stabilizer G0x of a special point x (which is a minimal facet of the extended Bruhat–Tits buildingĂI ext :“ ĂI ˆ X˚ĂKpGq_R) and is the stabilizer G:x of x in ĂI (see [BTII, 4.6.28]). On the other
hand, G is semisimple, by [SGA 3III new, XXII, Thm. 6.2.1], the rK-character of G is X˚ĂKpGq :“
HomĂK-gr.pG,Gm,ĂKq » HomĂK-gr.pG{Gder,Gm,ĂKq “ 1. Subsequently, ĂI ext “ ĂI and x is a point in
the Bruhat–Tits building, in which the stabilizer of x is the normalizer of Gp rRq (see [BTII, 4.6.17]),
so Gp rRq “ Norm
GpĂKqpGp rRqq. Finally, we have h P Gp rRq and z is trivial in H1pΓ, Gp rRqq.
(ii) The injectivity of
β : H1pΓ, Gp rKqq Ñ H1pΓK , GpKsepqq.
Recall the inflation-restriction exact sequence in [Ser02, 5.8 a)]:
0Ñ H1pG1{G2, A
G2q Ñ H1pG1, Aq Ñ H
1pG2, Aq
G1{G2 ,
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where G1 is a group with a closed normal subgroup G2 and A is a G1-group. It suffices to take
G1 :“ ΓK , G2 :“ ΓĂK , and A :“ GpKsepq. 
Remarks.
5.2. When G is a semisimple, simply-connected group over a Henselian discrete valuation field K (for
instance, a local field), parahoric subgroups of GpKq are their own normalizers ([BTII, 5.2.9]).
However, this is not true in the semisimple adjoint case. If G :“ PGL2pQpq, then
a parahoric subgroup P “
"
classes of
ˆ
Zˆp pZp
Zp Z
ˆ
p
˙*
is normalized by A “
ˆ
0 1
p 0
˙
but A R P : the diagonals of P are nonzero. This also provides an example of the fact that
maximal bounded subgroups are not necessarily stabilizers of vertices; the converse is true (see
[Yu09, p. 14]).
5.3. Maximal parahoric subgroups are not their own normalizers in the reductive case. For instance,
we consider GLnpQpq with a maximal parahoric subgroup GLnpZpq. The normalizer of GLnpZpq
contains Qˆp ¨ 1, which is not in GLnpZpq. To explain this, we note that GLnpZpq stabilizes
xˆ t0u Ă I ext “ I ˆX˚QppGLnq
_
R, but the stabilizer of the special point y :“ xˆX
˚
Qp
pGLnq
_
R
contains Qˆp 1, which acts on y by translation only in the second component. This motivates us
to reduce to the semisimple case before proving Theorem 5.1: the reduced Bruhat–Tits building
coincides with the extended one (see [BTII, 4.2.16]), so that Gp rRq is its own normalizer.
5.4. In the proof of [Nis82, Thm. 4.2], the author denoted by T the central torus of G and by Gder
the derived group of G such that G is the “almost direct product of T and Gder,” without further
information about T . There is certainly an isogeny Gder ˆ radpGq Ñ G ([SGA 3III new, XXII,
Prop. 6.2.4]). Nevertheless, the equation
Gp rKq “ Gderp rKq ¨ radpGqp rKq
fails in general. For a counterexample, we take G “ GLn and rK “ Qurp to find that
GLnpQ
ur
p q ‰ SLnpQ
ur
p q ¨ tdiagpa, ¨ ¨ ¨ , aqu, where a ranges over Q
urˆ
p .
In fact, for a P Qurˆp zpQ
urˆ
p q
n, the matrix diagpa, 1, ¨ ¨ ¨ , 1q has determinant a and is not a product
of matrices on the right.
5.5. When using Bruhat–Tits theory for general reductive groups, one needs to check conditions listed
in [BTII, 5.1.1]. Fortunately, these conditions are automatically satisfied when R is a Henselian
discrete valuation ring, and G is defined over R (hence quasi-split over rK).
As an application of the Grothendieck–Serre conjecture for the case of discrete valuation rings, we prove
the following proposition.
Proposition 5.6. For a reductive group scheme G over a field k, we let kppXqq be the field of Laurent
power series with the independent variable X. Then the following map is injective:
H1pk,Gq Ñ H1pkppXqq, Gq.
Proof. The projection p : Spec kJXK Ñ Spec k has a section s : Spec k Ñ Spec kJXK given by X “ 0. We
have the composition H1pk,Gq p
˚
Ñ H1pkJXK, Gq
s˚
Ñ H1pk,Gq such that s˚ ˝ p˚ “ id. So p˚ : H1pk,Gq Ñ
H1pkJXK, Gq is injective (in fact, by [GR03, 5.8.14] where t “ 1, we have H1pk,Gq » H1pkJXK, Gq).
Since kJXK is a discrete valuation ring, by Theorem 1.2, the map H1pkJXK, Gq Ñ H1pkppXqq, Gq is
injective. 
6. Uniqueness of reductive models
As an application of Theorem 1.2, we consider an integral scheme X with the function field K, over
which a reductive group G is defined. We call a model of G a flat, affine, and finite type X-group scheme
G such that GK » G. The question is, how many redutive models does G have? In fact, in the following,
we show that if a variant of Conjecture 1.1 holds, then a reductive group scheme over a semilocal regular
base is determined by its generic fiber.
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Proposition 6.1. For a regular semilocal ring X with the ring of total fractions K, if for each reductive
group scheme G1 over X, the map H1pX,G1q Ñ H1pK,G1q is injective, then any reductive K-group G
has at most one reductive X-model.
Proof. For a reductive group scheme G over a scheme S, by [SGA 3III new, XXIV, Cor. 1.17], the following
functor defines a one-to-one correspondence (up to isomorphisms) of sets:"
S-group schemes
that are fpqc locally isomorphic to G
*
Ñ H1pS,AutS-gr.pG qq G
1 ÞÑ IsomS-gr.pG ,G
1q.
Let G and G 1 be two reductive X-models of G. By [SGA 3III new, XXII, Prop. 2.8], the root datum of G
at each fiber at x P X is locally constant, so it is the root datum of G “ GK . Therefore, G and G 1 have the
same root datum. By [SGA 3III new, XXIII, Cor. 5.1], étale locally we have G » G 1 and G corresponds
to 0 P H1pX,AutX-gr.pG qq. We let α be the class of G
1 in H1pX,AutX-gr.pG qq. By [SGA 3III new, XXIV,
Thm. 1.3], there is an exact sequence of étale X-sheaves:
1Ñ G {CentrpG q Ñ AutX-gr.pG q Ñ OutpG q Ñ 1,
where OutpG q is the group scheme of outer automorphisms of G and is represented by a locally constant
finitely generated group scheme, whose stalk at every geometric point of X is an ordinary group. We
consider the following commutative diagram with exact rows (in the sense of pointed sets)
H0pX,OutpG qq H1e´tpX,G q H
1
e´tpX,AutpG qq H
1
e´tpX,OutpG qq
H0pK,OutpG qq H1e´tpK,G q H
1
e´tpK,AutpG qq H
1
e´tpK,OutpG qq,
f1 f2 f3f0
where f2pαq “ 0. By assumption, the map f1 is injective. In order to show that α “ 0, we prove that the
kernel of f3 is trivial. Let T be a OutpG q-torsor over X that becomes trivial over K, then T pKq ‰ H
contains a section t0. For a surjective étale coveringX 1 Ñ X such that T |X 1 is a constant sheaf, the base
change X 1K satisfies T pX
1
Kq “ T pX
1q and T pX 1K ˆK X
1
Kq “ T pX
1 ˆX X
1q, which fit into the following
commutative diagram with exact rows:
T pKq T pX 1Kq T pX
1
K ˆK X
1
Kq
T pXq T pX 1q T pX 1 ˆX X
1q,
such that two images of t0 under the double arrows in T pX 1q coincide in T pX 1 ˆX X 1q. It follows that
T pXq “ T pKq ‰ H (this implies that f0 is an isomorphism) and f3 has trivial kernel. By diagram
chasing, we conclude that f2 has trivial kernel and G » G 1. 
By Theorem 1.2 and the main theorems in [FP15,Pan17], we obtain the following corollaries.
Corollary 6.2. For an affine semilocal Dedekind scheme X with the function field K, any reductive
K-group has at most one reductive X-model.
Corollary 6.3. For a regular semilocal ring X containing a field, any reductive group over the function
field of X has at most one reductive X-model.
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